Abstract. MacMahon's classic generating function of random plane partitions, which is related to Schur polynomials, was recently extended by Vuletić to a generating function of weighted plane partitions that is related to HallLittlewood polynomials and further to one related to Macdonald polynomials.
Introduction
In [1] , Vuletić obtained 1-parameter and 2-parameter deformations of MacMahon's generating function of random plane partitions. In this work, we restrict our attention mostly to the 1-parameter result where t ∈ C is the deformation parameter, while z is a formal parameter that keeps track of the number of boxes in a plane partition (see below). Setting t = 0, one recovers MacMahon's generating function of random plane partitions [2] , which is a specialization of a tau function of the KP integrable hierarchy [13] , with 2 infinite sets of time parameters
1
. Setting t = −1, one obtains the generating function of certain restricted (and 2-coloured) plane partitions [4, 5] , which is a specialization of a tau function of the BKP hierarchy with 2 infinite sets of time parameters 2 . The derivation of (1) in [1] was combinatorial. The purpose of this work is twofold. 1. We use Jing's 1-parameter deformation of free fermions [9] , to obtain a Fock space derivation of (1). 2. We show that S(t = e 2πi/n ) = S n , n ∈ N ≥ 2 is a specialization of a tau function of the n-th Gelfand-Dikii hierarchy [12] , where n = 2 corresponds to KdV, etc.
In Section 1, we recall Jing's 1-parameter t-deformation of charged free fermions, Heisenberg algebra, vertex operators, etc. [9] . Since these operators were specifically introduced by Jing to generate Hall-Littlewood polynomials, we refer to them collectively as Hall-Littlewood-type operators.
In Section 2, we introduce partitions as labels of (left and right) state vectors in the (left and right) t-fermion Fock spaces and evaluate the inner product of t-fermion state vectors. In Section 3, we show that the action of a certain t-vertex operator on a state vector labeled by a partition µ generates a weighted sum of state vectors labeled by partitions that interlace with µ. The weights are skew Hall-Littlewood functions. This is the first result of this work. It extends a corresponding result of Okounkov and Reshetikhin for undeformed fermions and Schur functions [10] .
In Section 4 we compute an expectation value of (infinitely many) vertex operators in two different ways. A. By acting on partitions to generate weighted interlacing partitions and thereby generate weighted plane partitions. B. By commuting the vertex operators in such a way that they act on the vacuum states as the identity and thereby obtain a product expression for the expectation value. Equating these two results, we recover the 1-parameter result of [1] .
In Section 5 we take the limit t → e 2πi/n , n ∈ N ≥ 2, and show that the resulting expressions are specializations of tau functions of the n-th Gelfand-Dikii hierarchy. This is the second result of this work.
In Section 6, we comment on the 2-parameter extension of MacMahon's generating function that is related to Macdonald polynomials [1] . In this case, a 2-parameter (t, q)-deformation of charged free fermions is also available [11] . Using the corresponding (t, q)-vertex operators, it is straightforward to compute the corresponding expectation value and obtain the analogue of result B above. What is beyond the scope of this work is to obtain the analogue of result A. Hence we can only conjecture the action of the (t, q)-vertex operators on the (t, q)-fermion state vectors.
1. Hall-Littlewood-type operators 1.1. The deformation parameter t. We take t = e −ǫ+iθ , where ǫ, θ ∈ R, ǫ > 0. The fact that ǫ > 0 will be necessary for convergence in the intermediate steps of all derivations. At the end, we will take the limits ǫ → 0, and θ → 2π/n, n ∈ N ≥ 2. Taking the limit ǫ → 0 will be justified by the fact that the expressions that we obtain are well defined.
1.2.
Charged t-fermions and t-anti-commutation relations. Consider two species of charged fermions 3 {ψ m , ψ * m } which satisfy the following t-deformed anticommutation relations
where m, n ∈ Z, and t ∈ C is a deformation parameter. We refer to these as t-fermions. For t = 0, we recover the charged free fermions of KP theory [13] .
1.3. Re-writing the anti-commutation relations. Due to the non-trivial structure of the anti-commutation relations (2-4), it will be useful in later sections to re-write them in a different form. Using (4) on itself, we obtain
which is clearly a re-writing of (4) in such a way that a ψ * operator appears on the left and a ψ on the right in each bilinear term on the right hand side of the relation.
Further, we propose the following identity
We call proposition (6) P n , and prove it inductively. The bases for induction are P 0 and P 1 , which follow trivially from (3). They are
To prove P n for n ≥ 2, we assume that P (n−2) holds. Rearranging terms in P n , and relabelling of the summation parameter j, we obtain
If P (n−2) holds, the parenthesised term is equal to tψ * (m−n) ψ * m , and we obtain
where we have used the anti-commutation relation (3) in the last line. This shows that P n is true for arbitrary n ≥ 0. From the above proof, it is clear that (6) is a re-writing of (3). An analogous result holds for (2).
t-Heisenberg operators.
The t-analogues of the Heisenberg generators h m are defined in terms of the t-fermions are
Using the anti-commutation relations (2) (3) (4) , one can show that
where j ∈ Z, and m, n ∈ Z\{0}.
1.5. t-Vertex operators. The t-analogue of the vertex operators of [10] are
It is straightforward to derive the following relations for the t-vertex operators
1.6. 'Fake' and 'genuine' vacuum states. Following [13] , we introduce two types of (left and right) vacuum states. The 'fake' vacuum states, represented by Ω| and |Ω , with an inner product Ω|Ω = 1, and the 'genuine' vacuum states, 0| and |0 , generated by an infinite string of fermion operators acting on Ω| and |Ω , as follows
By convention, the genuine vacuum states are assigned zero energy.
1.7. Finite energy states. All other genuine, finite energy states are of the form Ω| . . . ψ m2 ψ m1 ψ m0 or the form ψ * m0 ψ * m1 ψ * m2 . . . |Ω , where m n = n for sufficiently large n. They differ from the vacuum states by a relabelling of a finite number of fermions with new indices.
1.8. The annihilation and creation t-fermion operators. We fix
for all m < l. All other operators are creation operators. It is sufficient for our purposes to impose (18-19) as extra conditions and note that they are consistent with (2-4). . The empty partition labels 0| and also |0 . Non-empty partitions label finite energy states. If µ = {µ 1 , . . . , µ l } is a partition with l non-zero parts, it labels the left state vector
and also the right state vector
Notice that for a partition with l parts, the l fermions that are farthest from the corresponding fake vacuum state are relabelled.
2.2.
Inner product of left and right state vectors.
2.2.1.
Lemma. Left and right state vectors are orthogonal in the sense that
where f µ (t) is a function of t. If µ has p j (µ) parts of length j, where j ≥ 1, then
Proof. Consider the scalar product
. . |Ω From (18-19) and (5), µ|ν = 0 unlessm 1 = m 1 , hence it is sufficient to consider only this case. That is, we setm 1 = m 1 without loss of generality. Furthermore, let m 1 , . . . , m s be nearest neighbours for 1 ≤ s ≤ l. That is, assume that m j+1 = m j +1 for 1 ≤ j ≤ (s − 1), but fix m s+1 > m s + 1. Commuting ψm 1 ψ * m1 using (5), we obtain
. . |Ω Repeating this procedure, we find that µ|ν = 0 unlessm j = m j for all 1 ≤ j ≤ s. Continuing to commute the central pair of fermions ψm j ψ * mj we ultimately find
Thus we have acquired a factor of s k=1 (1 − t k ) for a set of s parts of the same length in the partition µ. The required result follows inductively. 4 We leave it to the reader to decide which of these are 'initial' and which are 'final' state vectors.
2.3.
Normalization of the genuine vacuum states. From the above result, we obtain the normalization 0|0 = 1, which is non-trivial to compute directly from Ω|Ω = 1, given the complicated nature of the t-anti-commutators (2-4).
2.4.
Interlacing partitions. Let λ = {λ 1 , . . . , λ (l+1) } be a partition consisting of at least l non-zero parts, that is, we allow λ (l+1) = 0. We say that λ interlaces with µ, where µ = {µ 1 , . . . , µ l }, and write λ ≻ µ if λ j ≥ µ j ≥ λ (j+1) , for all 1 ≤ j ≤ l. 
and n j ≤ m j ≤ n (j+1) − 1, for all 1 ≤ j ≤ l, we say |λ ≻ |µ . An obvious similar definition holds for left state vectors.
3. Action of t-vertex operators on t-fermion state vectors 3.1. Skew Hall-Littlewood functions. Following [2] , P λ/µ (z, t), the skew HallLittlewood function of a single variable z, indexed by the skew partition λ/µ, is
where Φ λ/µ (t) is a polynomial in t which we now describe. Let µ have p j (µ) parts of length j and λ have p j (λ) parts of length j. Define J λ/µ to be the set of integers
That is, when the number of parts p j (µ) of length j decreases by 1 in the transition from µ to λ, a factor of (1 − t pj (µ) ) acquired.
3.2. Lemma. We prove the following results
where the sums are over all partitions λ which interlace with µ. This lemma is the first of two results in this work.
We prove (31) in detail. The proof of (32) is perfectly analogous. The proof requires the following identities.
3.3. Identities. Firstly, from (6), we can derive
Next, we use (33) and (3) to derive two more identities.
where p ≥ 1 may be infinite, n ≥ 2, and (33) was used between the first and second lines in each of the previous equations.
3.4. Notation. We introduce the notation
which allows us to write (34-35) in the succinct form
We are now in a position to outline the proof of (31). The proof consists of three parts. 1. We show that the action of Γ − on a right state vector labelled by a partition µ generates a weighted sum over all right state vectors labelled by partitions λ ≻ µ. 2. We show that Φ λ/µ (t), the first factor in P λ/µ (z, t), is recovered. 3. We show that z |λ|−|µ| , the second factor in P λ/µ (z, t), is recovered.
3.5. Part 1: Generating all interlacing partitions. We start from expression (21) for |µ . We act on this right state vector with Γ − (z, t) and make repeated use of the relation (14) , to obtain
. . |Ω Using (37) to truncate all but the first (l + 1) sums appearing in (39), we obtain
The proof requires that the first (l+1) sums truncate to give exactly all partitions of the form (27). To see that this is the case, we use (37-38) iteratively. Firstly, one computes the product of sums marked n l and n (l+1) , using (38) with p = ∞, to obtain
Notice that we have truncated the n (l+1) sum, so that only fermions ψ * n (l+1) with indices m l + 1 ≤ n (l+1) ≤ l remain. These are the permissible values for n (l+1) in (27) such that λ ≻ µ.
, take the product of the sums marked n (l−1) and n l in (41), using (37) (using (38)) with p = 1 for the first term and p = ∞ for the second. This truncates the n l terms, so that only fermions ψ * n l with indices m (l−1) + 1 ≤ n l ≤ m l remain. Again, these are the permissible values for n l in (27) such that λ ≻ µ.
Continuing this way, the truncation ultimately extends to give n 1 ≤ m 1 and m j + 1 ≤ n (j+1) ≤ m (j+1) , for all 1 ≤ j ≤ l − 1. That is, we recover exactly all partitions of the form (27) from (41), proving that Γ − (z, t) generates exactly all λ ≻ µ.
3.6. Part 2: Factor Φ λ/µ (t) of P λ/µ (z, t). For 1 ≤ a ≤ b ≤ l, let {m a , . . . , m b } be a contiguous subset of the points {m 1 , . . . , m l }, which describe the partition µ in (21). In other words, the points {m a , . . . , m b } are nearest neighbours. These points will give rise to (b − a + 1) parts in µ of a certain length h. Under the action of Γ − the points {m a , . . . , m b , m (b+1) } are shifted to {n a , . . . n b , n (b+1) }, where we define m (l+1) = l if b = l. Because this shifting must produce interlacing partitions λ, we can have m (a−1) + 1 ≤ n a ≤ m a , where m 0 = −∞ when a = 1, and
, but all other indices are stationary.
There are three cases to consider. 1. When n a = m a and n (b+1) = m b + 1, there will still be exactly (b − a + 1) parts of length h in the new partition λ, so no weight is expected. 2. When n a < m a and n (b+1) = m b + 1, there will be exactly (b − a) parts of length h in λ, meaning p h (λ) − p h (µ) = −1. Consequently, we expect a weight of (1 − t b−a+1 ) to be acquired. 3. When n (b+1) = m b + 1, there will be at least (b − a + 1) parts of length h in λ, so no weight is expected.
Let us check that these weights are in fact recovered, by analysing a general term which arises after repeated truncation of (40). In the following we abbreviate Ψ * m (z, t) = Ψ * m , for the sake of visual clarity. Using (38), we have
Using (37) repeatedly in both the first and second terms in (42), leads to
The above calculation has split the original object into two terms. The first term features partitions for which n (b+1) = m b + 1. Hence, it has some partitions λ for which p h (λ) < p h (µ). Taking the product Ψ * m (a−1) Ψ * ma (z, t b−a+1 ) using (38), we find that we get no weight for n a = m a , whilst we acquire the factor (1 − t b−a+1 ) for n a < m a . This is exactly as required.
The second term features partitions for which n (b+1) = m b + 1. Hence it only has partitions λ for which p h (λ) ≥ p h (µ). Taking the product Ψ * m (a−1)
using (38), we find that we get no weight for any value of n a . Again, this is the expected result. Note that the factors of (1 − t p ) are weights due to the motion of m (b+1) , which belongs to a different set of contiguous points.
3.7. Part 3: Factor z |λ|−|µ| of P λ/µ (z, t). If there are δ more boxes in the Young diagram of λ than the Young diagram of µ, this is because the indices of the fermions have been shifted downward by a net δ units. However, from (14) we see that a net downward shift by δ units will acquire the correct weight of z δ .
Action of t-vertex operators on the t-fermion left state vectors.
Using precisely the same steps as above, one derives the result in (32).
Plane partitions

Plane partitions as 3-dimensional objects.
One can think of a plane partition π as a set of unit cubic boxes stacked towards the north-west corner of a 3-dimensional room such that the heights of columns of boxes are weakly decreasing as one moves horizontally farther from the corner [2] . A 3-dimensional view of a plane partition is shown in Figure 1 . 
Plane partitions as 2-dimensional arrays.
One can also think of a plane partition π as a 2-dimensional array of non-negative integers π i,j on a 2-dimensional grid in the south-east quadrant of the plane. The 2-dimensional base of the partition π of Figure 1 is shown in Figure 2 with its cell coordinates. Figure 1 and its cell coordinates.
The integers π i,j , which correspond to the column heights in the 3-dimensional view of π, satisfy
for all integers i, j ≥ 0.
4.3.
Slicing a plane partition diagonally. As observed in [10] , plane partitions can be decomposed into diagonal slices, which form a sequence of interlacing partitions. In other words, if for k ≥ 1 we define the partitions
for some m, n ≥ 1. A 2-dimensional view of the plane partition of Figure 1 , its column heights and diagonal slices is shown in Figure 3 . Figure 3 . A 2-dimensional view of the plane partition in Figure 1 and its diagonal slices. The integers in the boxes are the heights of the corresponding columns.
4.4.
Paths. Consider the elements {π i,j } that form a plane partition array. The element π i,j with coordinates (i, j) is contiguous with four surrounding elements at
, (i, j + 1)}, possibly including trivial elements that have numerical value 0 (trivial elements of a plane partition that have height 0). Following [1] , we say that π i,j has level l ≥ 1 if
With these definitions, a path of level-l is a set of contiguous level-l elements that have the same numerical value. They correspond to equal-height columns in the 3-dimensional view of π.
We say that the plane partition π has p j (π) level-j paths and assign it the weight A π (t), given by
An example of a larger plane partition is shown in Figure 4 . In this example, there are 3 paths of column height 5. They consist of a level-1, a level-2 and a level-3 path. Equivalently, this height 5 'horizontal plateau' (contiguous paths of the same column height) has a maximal width of 3 paths, when measured diagonally.
It is straightforward to show that, in fact
where the partitions µ j are the diagonal slices of π, as given by (46). Figure 4 . A 2-dimensional view of a larger plane partition. The heights are indicated using regular-size digits. The levels are indicated as subscripts. There are 13 level-1, 3 level-2, and 1 level-3 paths. The associated weight is A π (t) = (1 − t)
4.5. A scalar product generates weighted plane partitions. We study the infinite scalar product
The scalar product S(t) provides a generating function for plane partitions. This is seen in the following way. We insert a complete set of states µ0 1 fµ 0 (t) |µ 0 µ 0 | between the central pair of vertex operators in (50), giving
From (31) for right state vectors, and (32) for left state vectors, it is clear that all plane partitions of the form (46) receive a weight equal to
In other words,
Evaluating the scalar product directly. On the other hand, it is possible to evaluate S(t) directly. Using the commutation relation (15) repeatedly, we find
where we have used the fact that 0|Γ − (z, t) = 0|, and Γ + (z, t)|0 = |0 .
4.7.
Equating the two results. Equating the above results, we have a new derivation of the 1-parameter extension of MacMahon's generating function, first obtained in [1] (55) where : ψ i ψ * j : = ψ i ψ * j − 0|ψ i ψ * j |0 , and the coefficients obey the finiteness condition a i,j = 0 for sufficiently large |i − j| [13] . Additional restrictions on the coefficients a i,j give the sub-algebras A (1) n−1 , n ∈ N ≥ 2. Specifically, X ∈ A (1) n−1 if X ∈ A ∞ , and the coefficients a i,j satisfy the extra conditions
for all i, j ∈ Z.
KP τ -functions.
Let h m be given by (7), again with t = 0, and set H(x) = ∞ m=1 x m h m , for some indeterminates x m ∈ C. Then the expression
is a τ -function of the KP hierarchy, provided each {X 1 , . . . , X k } ∈ A ∞ . We shall be interested in a particular τ -function which we now describe. Let
where we define y m = 0 for sufficiently large m. Clearly, X 1 ∈ A ∞ . Hence
is a τ -function of the KP hierarchy. On the other hand, using (10) with t = 0 we have
We illustrate a connection between the τ -function (62) and a generating function for plane partitions. Consider the scalar product
which is a generating function for ordinary plane partitions, using weights that are more general than in (53). S(u, v, 0) becomes equal to τ l (x) under the well known change of variables 
5.3.
Gelfand-Dikii τ -functions and t = 0 fermions. Now consider the τ -functions of the n-th Gelfand-Dikii hierarchy, which are of the form (59), but with {X 1 , . . . , X k } ∈ A
(1) n−1 . They satisfy the periodicity and invariance conditions
for all l ∈ Z, and m ≥ 1. Again, we shall be interested in a particular set of such τ -functions. Let X 1 be given by (60), but now fix the additional constraint y (mn) = 0 for all m ≥ 1. Under this restriction,
is a τ -function of the n-th Gelfand-Dikii hierarchy.
5.4.
Gelfand-Dikii τ -functions and t-fermions. Now, let ω n = e 2πi/n , n ∈ N ≥ 2, and consider the scalar product It is remarkable that the Gelfand-Dikii τ -functions that we obtained can be expressed (as usual) in terms of t = 0 fermions, as in (61), with X 1 ∈ A (1) n−1 , and also, up to a change of variables, in terms of the t-fermions with t = ω n , as in (66). Both representations yield the same polynomial expressions.
6. Macdonald-type operators and plane partitions 6.1. Fermions with two deformation parameters. The fermions defined in (2-4) are in fact a special case of more general fermions, which depend on two deformation parameters t and q. We recover these fermions as the components of the following vertex operators 
Discussion
We obtained a Fock space derivation of the 1-parameter t-deformation of MacMahon's plane partition generating function in [1] . In the limit t → e 2πi/n , we obtained generating functions of weighted plane partitions with horizontal paths that are maximally n − 1 rim hooks wide, and showed that these are specializations of tau functions of the n-th Gelfand-Dikii integrable hierarchies.
MacMahon's generating function is a specialization of a tau function of KP, which has affine A ∞ as an underlying algebra, and is the partition function of topological strings that are dual to a Chern-Simons theory based on A ∞ . It is tempting to conjecture that the generating functions discussed in this work, which are specializations of tau functions of the n-th Gelfand-Dikii hierarchies, which have A n−1 . In [14] , a connection between the t-deformation of MacMahon's generating function, was discussed, also on the basis of Jing's t-fermions. There it was pointed out, amongst other results, that for t ∈ R the expression (55) is the topological string partition function on a conifold and a geometric interpretation of the parameter t (called Q in [14] ) was obtained. The derivation of (55) in [14] was based on commuting the vertex operators in the scalar product. Further, t-deformed free fermions and results that are related to those discussed in this work (and in [14] ) were also obtained in [15] .
